Abstract. We present a theoretical study of bose condensation and specific heat of non-interacting bosons in finite lattices in harmonic potentials in one, two, and three dimensions. We numerically diagonalize the Hamiltonian to obtain the energy levels of the systems. Using the energy levels thus obtained, we investigate the temperature dependence, dimensionality effects, lattice size dependence, and evolution to the bulk limit of the condensate fraction and the specific heat. Some preliminary results on the specific heat of fermions in optical lattices are also presented. The results obtained are contextualized within the current experimental and theoretical scenario.
Introduction
Bosons in optical lattices provides a microscopic laboratory for exploration of the properties of many-boson systems with unprecedented control on number of bosons per site, boson kinetic energy, and boson-boson interaction strength [1, 2, 3, 4, 5] . Experimentalists have explored [1, 2, 3, 4] quantum phase transitions, excitation spectra, condensate fraction as a function of boson-boson interaction strength, and properties of boson Tonks gas in one, two, and three dimensional optical lattices. Theoretical studies [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17 ,18] of bosons in optical lattices thus far mainly concentrated on quantum phase transitions between various possible phases such as Mott insulator phase, density-wave phase, and bosecondensed phase. Finite temperature properties of bosons in the combined optical lattice potential and the confining harmonic potential have not received much attention except in some studies [19, 20] where, again, the focus is on Mott transition.
agonalize it for various values of K and for various lattice sizes in 1d, 2d, and 3d. The energy levels thus obtained are used in calculations of the ground state occupancy and specific heat as a function of temperature. We will see that any non-zero value of K leads to substantial changes in both these properties. We have calculated the energy levels and the bosonic properties using open boundary conditions. It may be noted here that for the 1d case, the eigenfunctions are eigenenergies may be exactly obtained in terms of the Mathieu functions as shown by Rey and collaborators [29] . They have given approximate analytical expressions for the eigenenergies and eigenfunctions.
We compared our eigenenergies for 1d systems with their approximate result (Eq. 15 in their paper) in the tunneling dominated regime and found that their eigenenergies are very close to our exact results for large values of t/k.
The ground state occupancy and the specific heat are calculated in the following way. The population N (E i ) of a state with energy E i is given by the Bose distribution
where β = 1/k B T and k B is the Boltzmann constant.
The chemical potential is determined from the number
where E i with i = 0, 1, 2....., i m denotes the energy levels from the lowest to the highest level of a boson in a finite lattice in the presence of the harmonic confining potential.
For a given number of bosons, at any temperature, the chemical potential and the population in the lowest level (N 0 ) are determined using Eqs. (2) and (3).
The total energy of the system of bosons is given by
The temperature derivative of E tot gives the specific heat
where,
In the above equations
Results and Discussions on bosons
Before presenting the results of our calculations, some general remarks are in order. In the absence of a harmonic confining potential, the bosons in a periodic lattice undergo a bose condensation phase transition only in 3d
where the boson Density Of States (DOS) in the thermodynamic limit vanishes at the bottom of the band. The phase transition is not possible for bosons in 1d or 2d periodic lattices since the DOS at the bottom of the band either diverges or remains finite, and the condition N 0 = 0 and µ = E 0 is not satisfied at any temperature. Here, E 0 is the energy of the lowest level or bottom of a band. For free bosons in a harmonic confining potential, the phase transition is possible in 2d but not in 1d [30] . For finite size systems and for finite number of particles there is no true phase transition using the above criteria. However, at sufficiently low temperatures, a macroscopic number of particles will occupy the ground state and thus bose condensation will occur [31] . With these general remarks, we go to our results.
One Dimensional case
In Fig. 1 , the variation of the condensate fraction (N 0 /N ) with temperature is shown for 1000 bosons in a 1d lattice (of lattice constant a) for k = Ka 2 = 0.01 (in the energy scale of t = 1) for different lattice sizes (N l ). The occupancy in the lowest level is considerable even at high temperatures for smaller size systems and it decreases with increasing size. For k = 0.01, no size effect is seen for N l ≥ 400. We have presented a curve for N l = 1000 which may be considered as an infinite size result for this value of k.
In Fig 2. we have shown the temperature dependence 3) to obtain In Fig. 4 , we have plotted the specific heat per particle against T /T 0 for different values of k for N l = 1000 and N = 600. It is seen that the specific heat decreases with increasing value of k. For k = 0.001, a broad peak is seen in the specific heat, which is a signature of the finite size of the lattice. For such a small value of k, even a size of 1000 sites is not enough to confine the bosons within the harmonic trap (i. e., some of the bosons may occupy the boundary sites), hence finite size effects would show up.
As the strength of the harmonic potential increases, the number bosons at high-energy sites at the edges of the lattice is insignificant and the finite size effect disappears. We have also shown C v for bosons under the influence of only the harmonic potential. One notices at once that while the dependence of C v on the scaled temperature (T /T 0 )
for free bosons in a harmonic potential is independent of k, the same is not true for lattice bosons. It is found that, switching on the lattice potential substantially reduces the C v . We also note that reducing the strength of harmonic potential for the lattice bosons drives the system towards the limit of free bosons in a harmonic potential, which is counter intuitive to what one might naively expect. In the very low temperature range, all the curves are very close to each other. This can be understood if we look at the single particle spectrum of a large lattice. In this case, the low energy part of the band is approximately parabolic, and so one can transform the problem to a free particle in a harmonic potential. Hence one expects the properties of lattice bosons in a harmonic trap will be close to that of free bosons in harmonic trap at sufficiently low temperatures.
Two Dimensional case
In this section we present our results on bosons in two dimensional optical lattices in a 2d harmonic potential.
These results are presented in Figs. 5-10. given by
where all the energies are measured from the bottom of the energy spectrum. It is found that γ is strongly k dependent and decreases with increasing k, while E 1 is almost k independent. For free bosons in a 2d harmonic trap, the DOS has a linear dependence on E in the entire energy
where ζ(α) = 
Three Dimensional case
In Fig. 11-13 , we have presented our results for bosons in 3d cubic lattices in a harmonic potential. The temperature dependence of the condensate fraction (Fig. 11 ) and the boson number dependence of the condensation temperature ( Fig. 12) shows variations similar to those found for 2d systems. We find that T 0 increases with increasing harmonic potential strength as well as with the total number of bosons in the lattice. In In the work presented on bosons, the boson-boson interaction is neglected. We believe that our results would approximately hold when interaction energy (U ) is much smaller than the hopping energy (t). In an optical lattice, the interaction energy (U ) depends on the ratio between the depth of the optical potential to the recoil energy. A weakly interacting regime may be obtained by adjusting the value of the potential depth to a low value [1, 32] . In the weak interaction regime, the interaction induced depletion effects may not be significant.
Results on Fermions
Due to recent interest [33, 34] in fermions in optical lattices, we have studied single (spin) component fermi gas in optical lattices with harmonic confinement in 1d, 2d, and 3d. Another interest in studying this fermionic system is that the bosons in the strongly interacting regime behave similar to fermions to avoid double occupancy and mini- 
Conclusions
In this paper, we have presented a study of non-interacting bosons under the influence of combined optical lattice and harmonic potentials in one, two, and three dimensions.
The condensate fraction in 1d shows a faster reduction with increasing temperature in the low temperature range 
